Starting from the analysis of fundamental noise sources in large-signal (LS) periodic operation, a system theory approach is proposed for the modeling of colored noise sources in devices and circuits driven in LS conditions. According to this interpretation, colored sources are generated by low-pass filtering and amplitude modulation of a white unit Gaussian process. The order of the modulation and filtering steps leads to two different (albeit coincident in small-signal conditions) LS noise sources. Through the analysis of GR noise in physics-based device simulation, it is shown that only one modulation scheme (based on low-pass filtering followed by amplitude modulation) is consistent with the fundamental approach. This result also applies to 1 noise mechanisms when 1 fluctuations derive from population fluctuations.
T HE STRONG industrial interest in the design and optimization of RF analog systems has recently fostered a great deal of work in developing accurate and reliable noise modeling approaches, both at the circuit [1] [2] [3] [4] and device [5] [6] [7] [8] levels. In RF systems circuits and devices are often operated in large-signal (LS), (quasi-) periodic conditions [5] , e.g., as in power amplifiers, mixers, frequency multipliers, and oscillators. This has a strong impact on the statistical properties of the stochastic processes exploited for the description of noise, since the time-varying nature of the operating point makes such processes no longer stationary but rather cyclostationary [10] , and therefore described in the frequency domain by the so-called sideband correlation matrix (SCM) [5] , [6] . Furthermore, the time-varying and nonlinear nature of the system causes frequency conversion effects to take place, thus making a proper description of nonwhite noise, such as fluctuations, extremely important to assess circuit and device RF performances; frequency conversion effects were already observed experimentally by van der Ziel [9] with reference to large-signal noise in a linear resistor. This issue is also fundamental in the development of circuit-oriented large-signal noise models derived by properly extending closed-form smallsignal noise models (see, e.g., [1] , [3] ). Manuscript From a device modeling standpoint, the basic Technology CAD technique for noise analysis, at least for nonautonomous applications, consists of two steps [6] , [5] . First, the LS noiseless device operating point is evaluated in the frequency domain by applying the harmonic balance technique to the discretized device physical model, e.g., the bipolar drift-diffusion set of partial differential equations (PDE). In the second step, zero-average stochastic forcing terms representing the so-called microscopic noise sources [6] are added to the model equations; such sources are assumed to linearly perturb the noiseless operating point. In order to evaluate the correlation spectra of the terminal noise generators, to be exploited in circuit-oriented device modeling, the microscopic noise sources are finally propagated to the device terminals by proper Green's functions [6] , whose numerical evaluation is discussed in detail in [5] .
While the LS modeling of microscopic noise sources being white in small-signal regime is well established, see, e.g., [5] , the issue still is open for noise mechanisms showing, in small signal, a colored spectrum, such as generation-recombination (GR) and noise. Indeed, the same issue arises in circuit-oriented noise modeling in LS operation [3] . According to the discussion in [1] , circuit cyclostationary noise analysis is typically based on describing the device noise generators pertaining to each circuit element by means of a modulation of the smallsignal expression for such noise generators, that is, in general, frequency dependent. As in the case of the colored microscopic noise sources, also at a circuit level, the modulation scheme is not a settled issue. This paper presents a general discussion on colored noise source modeling in LS operation, starting from a system theory approach, with an aim at identifying a reliable modeling methodology that can be applied both in circuit and device cyclostationary noise analysis. The focus of this paper is the derivation of the LS microscopic noise sources of GR noise, chosen as a paradigm since it can be described, in small-signal conditions, by exploiting both (exact) white population fluctuations and approximate equivalent Lorentzian current density sources [11] .
The paper is organized as follows. Section II presents a critical discussion on noise sources in LS operation, while Section III is devoted to the description of two alternative phenomenological modeling approaches for colored noise sources, derived by extending results previously obtained for circuit analysis [3] . Section IV considers in detail the case of GR fluctuations and presents a novel rigorous derivation of the approximate equivalent current density sources in LS conditions. The phenomenological modeling approaches for colored sources are 0018-9393/02$17.00 © 2002 IEEE validated (for the GR case) against the exact (fundamental) approach in Section V, and Section VI is devoted to the conclusions. Finally, the Appendix summarizes the main results on cyclostationary processes and their filtering through linear periodically time-varying (LPTV) systems.
II. NOISE SOURCES IN LARGE-SIGNAL OPERATION
Within the framework of classical PDE-based device modeling, e.g., the drift-diffusion model, the noise sources, customarily assumed to be spatially uncorrelated [6] , [12] , are expressed as population fluctuations or current density fluctuations. In the first case, a scalar source is considered homogeneous to a recombination rate: this is typically the case of fundamental GR noise sources [11] , which are described, in smallsignal conditions, by white stochastic processes. The vector current density fluctuations on the other hand can be (in smallsignal operation) either white (for diffusion-thermal-noise) or colored for approximate equivalent GR (Lorentzian shape) or noise [6] . In LS operation, a proper description has to be provided for the microscopic noise sources. First, let us address the case of fluctuations physically related to the fast microscopic dynamics of free carriers, and therefore modeled, in small-signal conditions, by white processes (hereafter denoted as white sources). To fix the ideas, let us consider the simple case of a white scalar source (e.g., fundamental GR noise) with small-signal spectrum , where function contains all the information on the noiseless device steady-state (for GR noise, it is related to the sum of the generation and recombination rates). From a system theory standpoint, we can interpret as the output of a time-invariant linear system that multiplies by a unit white input Gaussian process , i.e.,
. In fact, , where by definition, . In LS conditions, the device working point becomes periodically time-varying (with fundamental angular frequency ), thus giving rise to a modulation of the noise sources resulting into their conversion into cyclostationary processes (see the discussion in [6] ). Since white sources result from fast microscopic scattering processes (either intraband or interband), whose timeconstants are of the order of less then 1 ps, such a modulation can be assumed to be instantaneous, at least up to frequencies of the order of 100 GHz. From a pure system standpoint, this amplitude modulation can be modeled as the passage of the unit white Gaussian process through a memoryless LPTV system, with impulse response as described in the Appendix [3] . For the white source , function is transformed into a periodical time-dependent factor characterized by harmonic (Fourier) components , so that the noise source becomes cyclostationary and the corresponding SCM can be easily derived by (30) and (24) (1) where is the th harmonic component of , and is the sideband (angular) frequency (see also the Appendix). This is exactly the approach exploited in [5] to extract the expressions of LS microscopic noise sources for diffusion and fundamental GR noise. The GR case will also be discussed in detail in the following Section IV. The next step is to extend the previous discussion to the case of noise sources described, in small-signal operation, by a colored spectrum (colored sources). In physics-based noise simulation these are basically the approximate equivalent GR and noise, which are extremely important in RF applications due to the frequency conversion effects related to both time-varying and nonlinear device operation. As discussed in Section IV, the LS microscopic noise source for equivalent GR noise can be extracted in a rigorous way in an homogeneous sample, but this is not the case in more complex devices or for noise. Therefore, a general procedure to extract the expression of the microscopic noise spectra in the LS case still has to be found. The aim of this paper is to discuss two phenomenological modeling approaches starting from the bare knowledge of the small-signal colored noise sources: the idea is to generalize to the case of device simulation a methodology already proposed for circuit analysis in [1] and discussed in [3] . This should make possible to develop a unified approach capable of handling both the colored microscopic noise sources for device simulation, and the modulation of small-signal noise models at a circuit level.
III. A SYSTEM APPROACH TO NOISE SOURCE MODELING
Let us consider two scalar 1 correlated noise sources and characterized, in small-signal conditions, by colored correlation spectra expressed as
where , denotes the Fourier transform of the impulse response of a properly defined linear time-invariant system, and where functions contain all the information on the local operating point of the device. A typical example is given by the approximate equivalent Lorentzian sources for GR noise [11] . As discussed in the previous section, in LS operation, the working point becomes periodically time-varying, and the factors become time-dependent, thus modulating the fluctuation processes. Following the discussion in [3] , we can phenomenologically extend to LS operation expressions (2) and (3) according to two possible system interpretations.
• The input unit white process is first amplitude modulated by and then filtered by the linear system with impulse response (see Fig. 1 ). This approach will be denoted as modulation filtering (MF).
• The input unit white process is first filtered by and then amplitude modulated by (see Fig. 2 ). This approach will be denoted as filtering modulation (FM). The SCM of the two sources can be evaluated by application of (24)-(28), exploiting the intermediate stochastic processes and defined in Figs. 1 and 2. In the MF case, (30) allows first to evaluate the SCM of the intermediate process , and from (28) and (24), we obtain (4) where is the th Fourier component of the periodic function . On the other hand, in the FM scheme, the intermediate process is stationary with spectrum given by (29). By further applying (27) and (24), the SCM of the modulated sources results as (5) where is the th Fourier component of the periodic function . Notice that (4) and (5) both reduce to (1) for noise sources which are white in small-signal conditions. In fact, in this case and we have (6) In the colored case, the two approaches, as already noticed in [3] , [6] , lead to quite different behaviors for the modulated sources. This is due to the low pass nature of the filtering transfer functions , whose corner frequency is, at least in RF applications, typically much lower than the operating fundamental frequency . In fact, the MF scheme (4) leads to unless , and in this case one has . In other words, the noise source is modulated only by the dc component of the working point. The approach exploited for FET LS noise analysis by Cappy et al. [13] , [14] can be considered as a particular case of the MF scheme.
The FM scheme, instead, leads to sources with a SCM whose elements are all different from zero. In fact, in (5) due to the term in the summation with , there is always an addend where the low-pass filtering functions are calculated in . This gives a contribution to the SCM element provided that the corresponding harmonic components of the working point are different from zero, i.e., the system is driven in nonlinear operation. Notice that the FM scheme is proposed in [1] for circuit-oriented large-signal device modeling, and is widely exploited within the field of circuit-oriented simulations.
It should be stressed that the previous remarks are strictly related to the assumptions that the filtering function is low-pass and that its bandpass is much lower than the driving signal frequency . This phenomenological, system-oriented discussion does not give any insight on which of the two schemes is better suited for noise analysis: in the next section, we shall consider physicsbased GR noise analysis, that will provide a basis for the comparison of the two approaches.
IV. FUNDAMENTAL AND PHENOMENOLOGICAL GR NOISE SOURCES IN LS OPERATION
GR noise is a viable candidate as a validation tool for the approaches described in Section III, since two different models for the microscopic sources, fully equivalent in homogeneous samples, are available [11] . Moreover, phenomenological noise sources can be derived by modulation of the small-signal approximate equivalent noise source according to the two schemes outlined in Section III.
A. The Fundamental Sources
Let us consider, for the sake of simplicity, a band-to-band GR process. The corresponding population fluctuation sources are described by scalar processes and added as forcing terms to both continuity equations in a bipolar drift-diffusion model 
where and are the electron and hole carrier density distributions; and are the electron and hole current densities;
is the electrostatic potential, and are the carrier mobility and diffusivity, and and are the generation and recombination rates. The scalar forcing terms and represent the fundamental microscopic noise sources for GR noise. In small-signal conditions, these are spatially uncorrelated and white, with correlation spectra (9) where and are evaluated in the dc noiseless device working point. On the contrary, in LS conditions such sources and are amplitude modulated according to (1)
where and are the th harmonic components of the corresponding rate evaluated into the LS steady state.
B. The Equivalent Fundamental Sources
An alternative modeling approach makes use of approximate equivalent microscopic noise sources expressed as current density (vector) fluctuations added to (7) and (8), and eliminating the scalar sources from the system. The derivation of such vector sources is carried out in small-signal operation and homogeneous conditions following [11] . The divergence terms in (7) and (8), are set to zero, and the resulting equations are linearized and written in the frequency domain (11) 
where we have defined the frequency-domain carrier density fluctuations , , and where (the inverse of carrier lifetime, ) are evaluated in the dc working point. This linear system can be solved for and , so as to calculate the corresponding current density fluctuations ( , and is the velocity of carrier evaluated in the dc noiseless steady state), whose correlation spectrum is Lorentzian (13) where , denotes the ensemble average, and is the Hermitian conjugate. The fundamental and Lorentzian sources are fully equivalent only for strictly homogeneous semiconductor samples, as discussed in [11] .
A similar procedure can also be carried out in periodic LS operation, by exploiting the sideband formalism and the conversion matrix approach described in [6] , [5] . By linearizing, in a homogeneous sample (7) and (8) 
where is a matrix collecting the sideband frequencies, and are vectors of the sideband amplitudes of the induces carrier variations, is the vector of sideband components for the modulated fundamental noise sources. Finally, are conversion matrices related to the linearization of the net recombination rate evaluated into the LS working point [5] . Again, from (14) and (15) we can explicitly calculate the sideband carrier density fluctuations and exploit them to evaluate the corresponding current densities (16) where is now a conversion matrix related to the carrier velocity in the steady-state. The corresponding SCM is derived as , leading to a somewhat complex expression, which is omitted for brevity. This source will be called "equivalent fundamental." As for the small-signal case, the fundamental and equivalent fundamental sources are exact in homogeneous conditions.
C. The Phenomenological Sources
As discussed in Section III, a further LS modeling approach is derived by modulating, according to the MF or FM scheme, the Lorentzian small-signal source (13) . The resulting noise sources will be called "MF" and "FM," respectively.
The expressions for the modulated MF and FM sources for GR noise are derived starting from (13) , and then making use of the modulated expressions (4) and (5) . For the sake of simplicity, we shall write the result in the case of one-dimensional models only. The extension to the multidimensional case is straightforward. The small-signal expression is factorized by defining the filtering function (17) and the modulation functions (18) We also define the auxilliary function . In the MF case, (4) yields (19) where is the th harmonic component of the periodic function . The application of the FM scheme leads to (5) , which in turn results into (20) where is the th harmonic component of the periodic function . Fig. 3 . Absolute frequency dependence of the diagonal elements of the SCM for the short-circuit GR noise current.
V. DISCUSSION
In order to compare the modeling approaches discussed previously, we have simulated a uniformly doped silicon sample long enough to be assumed as homogeneous (inhomogeneity being induced by ohmic contact boundary conditions [11] ). The sample was doped with cm , and a direct GR process was included in the bipolar drift-diffusion model with minority carrier lifetime ms. Electron velocity saturation effects, that give rise to nonlinear phenomena in this simple device, were included through the standard Caughey [15] model with low-field mobility 1390 cm V s and saturation velocity 10 cm/s, while a constant hole mobility cm V s was assumed for the sake of simplicity. The sample length was chosen so as to provide a full equivalence of the small-signal fundamental and approximate equivalent noise sources for GR noise, as discussed in [11] .
An LS simulation was performed with a dc electric field of 7 kV/cm, close to the threshold field for electron velocity saturation, and with a superimposed ac component of the same amplitude and frequency kHz, so that the sample was driven in nonlinear operation. We included six harmonics plus dc in the noiseless harmonic-balance physical simulation, so as to allow noise calculations for the first three sidebands [5] . In noise analysis, only GR noise sources were considered.
The diagonal elements 2 of the SCM of the sample short-circuit noise current due to GR fluctuations are shown in Fig. 3 as a function of the absolute frequency. The continuous line results from the fundamental and equivalent fundamental sources, while symbols refer to the phenomenological FM (open triangles) and MF (diamonds) sources. The Lorentzian shape [with corner frequency equal to ] is clearly visible for the dc sideband (sideband 0), while the nonlinear device behavior results into a noise conversion effect to all of the other three sidebands, whose centers are (sideband 1), (sideband 2), and (sideband 3). The conversion effect is more clearly seen in Fig. 4 , where the same SCM elements (for the upper sidebands) are plotted as a function of the sideband frequency, i.e., the distance from each harmonic. The main conclusion of this comparison is that only 2 The same kind of results hold for the off-diagonal terms of the SCM. the FM scheme gives results in agreement with the fundamental analysis, while the MF approach is incorrect, at least in the case of the GR noise source. In particular, the above discussion suggests that GR noise processes are not, as sometimes assumed [13] , [14] , modulated only by the dc component of the instantaneous device or circuit working point.
A deeper insight on the reason of the discrepancy between the MF approach and the FM and exact ones can be derived from a comparison of the local modulated current density noise sources (which are space-independent in the homogeneous sample), see Figs. 5-7. We can compare only the FM and MF sources to the equivalent fundamental one, since only the latter is a current density fluctuation. In accordance with the remarks in Section III, the MF scheme does not produce any frequency conversion in the microscopic noise sources. This means that, in this case, the conversion effects shown in Figs. 3 and 4 are due only to the Green's functions propagating the microscopic sources to the terminal fluctuations. The FM approach, which is in agreement with the equivalent fundamental sources, already exhibits frequency conversion in the microscopic noise source and therefore leads to a stronger conversion effects on the terminal fluctuations.
A further remark concerns the relationship of the conversion behavior of the FM and exact noise sources with the linear or nonlinear (field-dependent) model for the carrier velocity. In fact, the electron-electron SCM (Fig. 5 ) shows conversion to all sidebands since the electron transport model is nonlinear, while the hole-hole ( Fig. 6 ) and electron-hole ( Fig. 7 ) SCM only exhibit conversion to the fundamental frequency. This is consistent with the linear model implemented for hole transport (constant mobility), which confines the conversion effect to the time-varying nature of the operating point. Following this discussion, only one noise sideband (caused by the modulation effect of the time-varying working point on colored microscopic noise sources) should be detected, in LS operation, in the terminal fluctuation spectrum of a linear resistor, thus confirming van der Ziel's experiment [9] .
As a final remark, the FM approach to LS noise source modeling is likely to serve as a guideline in extending to LS operation the small-signal expressions of "slow" noise processes. Besides GR, a major interest concerns fluctuations, for which a fundamental white small-signal microscopic source is lacking. In some cases, noise can be traced back to a superposition of GR spectra with a proper distribution of lifetimes, see the discussion in [16] ; if this occurs, the FM modulation scheme can be directly applied to the GR components so as to provide the LS noise source. A more detailed discussion will be presented elsewhere.
VI. CONCLUSION
In this paper, we have presented a thorough discussion on noise source modeling for the cyclostationary noise analysis of devices and circuits operating in periodic LS conditions. Particular stress has been laid on the application to the physics-based LS case of modulation schemes for colored noise sources, taking as a paradigm GR noise analysis, for which a fundamental, exact noise modeling approach is available. As a result of the analysis, only one equivalent noise source modulation scheme, namely the one based on low-pass filtering followed by amplitude modulation, has been found to be consistent with the exact, fundamental approach. This result is expected to apply also to noise mechanisms, at least when the spectrum results from a superposition of population fluctuations, and could also serve as a guideline for LS modeling of colored noise sources at a circuit level.
APPENDIX
This appendix is devoted to a brief introduction to the statistical description and to the filtering through linear systems of cyclostationary stochastic processes. A more detailed discussion can be found in [3] , [6] . Let be a cyclostationary process, i.e., a stochastic process whose mean and correlation function are periodic in time with period (21)
where denotes ensemble average. From these basic definitions, it can be easily shown that such nonstationary processes are characterized by a correlation between those spectral components having the same distance from some harmonic of the fundamental (angular) frequency [5] , [6] : this allows to partition the spectrum into sidebands, i.e., neighborhoods of any harmonic characterized by an absolute frequency . Correspondingly, the correlation spectra between the various sidebands are collected into the process sideband correlation matrix . On the other hand, the modified correlation function is periodic in , and can be developed in Fourier series (23) where the Fourier coefficients are the process cyclic correllation functions. The element of the SCM can be expressed as a function of the Fourier transform of the cyclic correlation functions, the cyclic correllation spectra , as [6] (24) Concerning linear filtering, let us consider a linear periodically time-varying (LPTV) system with impulse response [3] , which is periodic with period : , so that (25)
Filtering of a cyclostationary process through a LPTV system with the same period results again in a cyclostationary process , characterized by [3] (26)
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